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What is a real number?

We all know the classical constructions of R by Cauchy or Dedekind:

Definition. —
A real number is an equivalence class of sequences
neENr—r, e€Q

which verify the “Cauchy condition”

lim  |ry, — 1| =0,
Nnp,1y —+00

for the equivalence relation
(Tn)nen ~ (r)nen

if and only if
"Erl\oolrn —r)=0.
)
Definition. —
A real number is a subset
¥*CQ
which is
e nonempty,
e bounded from above,
o complete from below in the sense that, for any r € x,
r'<r = r ex.
y
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An alternate definition of real numbers by approximations

Here is an alternate definition of real numbers
which formalizes the idea that a real number
is something which can be approximated with arbitrary precision:

Definition. —
Let Q be an ordered set consisting in
a dense subset of Q
completed with the symbols —oo and +oo.
Then a real number x is a coherent family of answers
yes or no

to the question . .
“Does x belong to the interval ]a, b[?

for any pair of elements a < bin Q,
if we call “coherent” a family of answers verifying:

(F)  If the answer for la, b is “ﬁ”, it is "g"for anyla’,b'[D]a,b[.
(©)  Ifla,bl=1a’,b'[N]a”,b"[,

the answer is “yes” for la, bl if it is “yes” for Ja’, b’ [and ]a”,b"'[.
(C1)  The answer for ] — oo, +ool is ﬁ

(J)  If the answer is yes for la, b[, and la, b = \/ la;, b;[,
iel
then the answer is yes for at least one la;, b;[,i € L.
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Reformulation of the definition of real numbers

We observe that the one-element set {e} has two subsets
0 and {e}

which can represent the answers “no” and “yes”.

Definition. —
If Q is a dense subset of Q completed with the symbols —oo, 400,
a real number is a mapping

. | intervals ]a, bl
{witha<binQ} —  {subsets of {}},

la,bl  +— p(la, bl),

such that:
(F) p transforms any inclusion la,b[Cla’,b’[
into an embedding p(la,bl) C p(la’,b'D).

(C) p transforms any intersection la,b[=]a’,b’[N]a”,b"|
into an intersection p(la,bl) = p(la’,b’[) N p(a”,b"[).

(C1) p transforms the maximal interval | — oo, +oo[

into the maximal subset o(] — 0o, +o0[) = {e},
(J) p transforms any covering la,bl = \/la;, b;[
i€l
into a covering p(Ja, bl) = UpUa;, bl
i€l
y
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What is a covering?
Proposition. — Let Q be a dense subset of Q, completed with the symbols —oo, +o0.
In order to define real numbers, the notion of covering by subintervals

la, bl = Vla;, b;[

i€l

has to be defined in the following way:

o A familyla;,b;[Cla,bl, i € I, is a covering
if and only if, for anya < a’ < b’ < b,
there exists in I a finite family i1, ip, - - - yin € I
such that
a’, b’ < b

In

and a;  <by,1<k<n.

)

Formal properties of coverings:
(0) A family of subintervals ]a;, b;[ C |a, b[ i € 1, is a covering
if and only if its associated “sieve” "I13iella’,b’'[Cla;, b;l}
is a covering.

(1) Any la, b[is a covering of itself.
(2) Ifla,bl= V/ la;, b;[, then for any Ja’,b’[ C ]a, b,

el Ja’,b’'[ = \/ (la’, b’ [N]a;, bil).
i€l
(3) Ifla,bl= \/]Ilz, il and Ja;, bl = \/ ]a,‘y]',bi’]'[,VZ' el,
i€l JEL;
then la,b[=V V la; bl
icl jel;
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Generalization to ordered sets

Definition. —
Consider a partially ordered set (O, <) such that
o O has a biggest element, denoted 1,
o anyelementsa,b € O has an inf a /\ b characterized by
c<aAb & c¢<a and c<b.
A Grothendieck topology | on (O, <) consists in a notion of

“covering” a= \/a;
- icl
of elements a € O by families of smaller elements (a; < a)i¢cj,
which verifies the following axioms:

(0) A family (a; < a)ie; is a covering
if and only if its associated “sieve” {a’ | 3i € I, a’ < a;}
is a covering.

(1) Foranya € O,a < ais a covering.

(2) Ifa=Va and a’ <a,

iel
then a’ = \/(a’ Na;).
iel )
B) Ifa= \/ai and a; = _\/a,»,]v,Vz el,
i€l JE€L
then a= \/a;
i€l
JEL;
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Generalization of the notion of point

Definition. —

Let (O, <,1,\) be a partially ordered set

with a biggest element 1 and an inf operator /\.
Let | be a Grothendieck topology.

In this context, a point in Grothendieck’s sense
is a mapping

p : O — {subsetsof{e}},

a — al,
such that: pla)

(F)  p transforms any relation a’ <a
into an inclusion  p(a’) C p(a).
(C)  p transforms any inf relation c=a/\b
into an intersection  p(c) = p(a) N p(b).
(C1)  p transforms the biggest element 1
into the biggest subset  p(1) = {e}.

(J)  p transforms any J-covering a = \/a;
- i€l

into a covering  p(a) = Jp(a;).
I iel
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The particular case of ordinary coverings of open subsets

Proposition. —
Let X be a topological space and Ox be the set of open subsets of X.
Let O C Ox be a subset

which is “dense” (meaning any element of Ox is a union of elements of O)
and such that

o the total space X is an element of O,
o O is stable under finite intersections.

Let | be the “ordinary topology” on O,
for which a family (U; < U);¢; is “covering”
if and only if
u=yu;.
i€l
Then:
(i) Any element x € X defines a point of (O, J).

(ii) Conwversely, if the topological space X is “sober”,
any point of (O, ]) is defined by a unique element x € X.

y
Remark:
Almost all topological spaces met in practice are sober.
In particular, Hausdorff spaces are sober.
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Topologies defined by measures

Lemma. —

Let X be a sober topological space.
Let O C Ox be a dense subset
which contains X and is stable under finite intersections.

Then a measure (1 of open subsets of X

defines a topology J,. on O

by deciding that a family ~ (U; C U);¢g

is “covering” if and only if it contains a countable subfamily

(U, CU)peny with in €1, Vn,
such that
(U ;)= nW.
neN

b

Proposition. —

In this situation, points of (O, ],.)

correspond to elements x € X

such that  p({x}) #0. )

Remark:
In many natural cases, (O, ].) has no point
even though it defines a space (as we shall see).
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Reminder on categories

A category (= mathematical country) C consists in
e “objects” (= mathematical cities) X, Y, - - -
e “morphisms” (= itineraries) between objects (= cities) X — Y,
e acomposition law of morphisms (= itineraries)

xLyi oz x2L g

which is associative and admits a unit element idx : X — X for any object (= city) X.

Definition. — A category C is called “cartesian” if:

(i) It admits a “terminal object” 1¢ in the sense that any object X of C has a unique morphism X — 1c¢.

(i) Any pair of morphisms X L sands = s defines a “cartesian commutative square”

X x5 8’ —=X

A )

S ’ % S
characterized by the property that any “commutative square”

X ——X

yields a unique factorization

X' — X xgS§".
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N
Grothendieck topologies on cartesian categories

Definition. —

Consider a (small) category which is cartesian.

A Grothendieck topology | on C consists in a notion of covering
of objects X of C

by families of morphisms  (X; N X)ier
which verifies the following axioms:

(0) A family (X; L, X)iey is a covering if and only if
its associated “sieve”

(X" 5 X | x admits a factorization X' — X; X, X for some i € I}

is a covering.
(1) For any object X, X X isa covering.
() If (X; s X)iej is a covering,

then for any morphism X' = X, the associated family
(X" xx X; — X')jeq is a covering.
) If (X; N X)iej is a covering and, for any i € I,
Xi, p .
(Xij S/ Xi)jer, is a covering,
% 4 .
then (X = 5% 2L, X) i1 is a covering.

JEL
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Points of cartesian categories endowed with a topology

Definition. -

Let C be a small category which is cartesian
and is endowed with a Grothendieck topology .
A point of (C,]), in Grothendieck’s sense

is a mapping

p:C — Set,
object X +—— p(X) = set,

morphism (X L» Y) — (p(X) p—(f)) p(Y)) = map,
such that:
(F)  pisa “functor” , i.e. respects composition of morphisms and identities

p(gof) =p(g) op(f), p(idx) =idy(x) -
(C)  p transforms cartesian squares into cartesian squares
P(X x5 8") = p(X) x5(5) P(S’) -
(C1)  p transforms the terminal objet 1¢ of C

into the terminal set  p(1c) = {e}.

(J)  p transforms J-covering families (X; = Xier

into globally surjective families (p(X;) -p(—xL o(X))ier-
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What about the notion of space?

e Starting from the definition of real numbers by approximation,
we have defined a notion of point for
any small cartesian category C
endowed with a topology J.

e In the particular case where
C= (O) <X, N)
for O a dense subset of

Ox = {open subsets of a sober topological space X}

which contains X and is stable by finite intersection,
and for | = ordinary topology of O,
we have an identification

X = {points of (O, ])}.

This means that the space X is independent from its sketches (O, J)
and can be reconstructed from any of them.

Question:
Is it possible to extend this construction to
(C,]) — space sketched by (C,])

with a well-defined compatible notion of point of such a space?
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N
Recovering the points of a space from its category of “sheaves”

Definition. — Let X be a topological space.
(i) A presheaf on X is a contravariant functor
P: O;P —  Set,
open subset U +— P(U) = set,
inclusion (U’ CU) +~— (P(U)— P(U’)) = restriction map,
compatible with compositions of inclusions  U" C U’ C U.
(ii) A presheaf F is a sheaf if, for any covering u=Ju;,
elements u € F(U) correspond one-to-one to familiesle, u; € FU;), iel,
which are compatible in the sense that, for any iy,i; € I,
u; € F(Uy,), w;, € F(Uj,) have the same restriction in F(U; N Uj,).
(iil) The category Ex of sheaves on X is called the “topos” of X.

Theorem. — Let X be a “sober” topological space.
(i) Elements of X, i.e. points, correspond one-to-one to pairs of adjoint functors

(Ex = Set, Set — &)
whose left component x* : Ex — Set respects terminal objects and cartesian squares.

(ii) More generally, for any topological space X', continuous maps X' — X

correspond one-to-one to pairs of adjoint functors (Ex f—> Exry Exr fL» Ex)

whose left component f* : Ex — Ex respects terminal objects and cartesian squares.

Laurent Laffc a tre) Point & space October 17ﬂ‘, 2025 14/19




Generalization to partially ordered sets

Definition. —
Let (O, <,1,\) be a partially ordered set

with a biggest element 1 and an inf operator /\.

(i) A presheaf on O is a contravariant functor

P:0°° — Set,
element U +—— P(U) = set,
relation (U’ <U) +~— (P(U)— P(U’)) = restriction map,

compatible with compositions of relations  U" < U’ < U.

(ii) If ] is a Grothendieck topology on O,

a presheaf F on O is a J-sheaf if, for any J-covering

u= \/Ui»
iel

elements u € F(U) correspond one-to-one to families
u; € F(U;), i€l,
which are compatible in the sense that, for any iy,iy € I,

u; € F(Uj)), u;, € F(Uj,) have the same restriction in F(U; N Uj,).

(iil) The category 61 of J-sheaves on O is called the “topos” of (O, J).
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Generalization to categories

Definition. — Consider a small category C.
(i) A presheaf on C is a contravariant functor

P:C® — Set,
object X +— P(X)=set,

morphism (X' = X) +— (P(x):P(X) — P(X')) = restriction map,

compatible with compositions of morphisms X" — X' — X.

(ii) IfC is cartesian and | is a Grothendieck topology on C,
a presheaf on C is a [-sheaf if, for any J-covering
X, 2L X, iel,
elements u € F(X) correspond one-to-one to families
u; € F(X;), iel,
which are compatible in the sense that, for any iy,i; € I,

u; € F(X;)), ui, € F(X;,) have the same restriction in F(X; xx X, ).

(iii) The category é} of sheaves on (C,]) is called the “topos” of (C,]).

Definition. — A topos € is a category which admits an equivalence
£E=G

to the topos of sheaves on some (C,]).
Laurent Lafforgue (Lag Point & space October 17“‘, 2025 16 /19




Independence of sketches

Proposition (Grothendieck). —

Let C be a small (cartesian) category C endowed with a topology .
Let
C'—¢C

be a full (cartesian) subcategory which is “dense”
in the sense that any object X of C admits J-coverings

(X; = Xier
by objects X; of C’.
Let ]’ be the topology of C' induced by the topology ] of C.

Then there is a canonical equivalence of toposes
G=¢.

Corollary. —
Let X be a topological space.

Let O C Ox be a dense subset of the set Ox = {open subsets of X}
(which contains X and is stable under finite intersections).
Then there is an equivalence of toposes

Ex — Oy

if ] is the ordinary topology on O.
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Points of toposes

Definition. —

(i) A point of a topos & is a pair of adjoint functors

(€ < Set, Set = &)
whose left component x* : £ — Set respects terminal objects and cartesian squares.

(ii) A morphism of toposes £’ i, E

(or a mobile point of € parametrized by E')

is a pair of adjoint functors

e gt g

whose left component f* : £ — £’ respects terminal objects and cartesian squares.

Remark:
This definition is motivated by the fact that, for

a sober topological space X and a topological space X’,
continuous maps

X' — X
correspond one-to-one to topos morphisms

gxl e gX
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Approximation of points

Theorem (Grothendieck, Diaconescu). —
Let & be a topos sketched as

£ G
for a small (cartesian) category C

endowed with a topology |.
Then points of € [resp. topos morphisms £ — £]

correspond one-to-one to functors
p:C—Set [resp. p:C—E&']

which verify the following conditions:
(C) The functor p respects cartesian squares.

(Cq) It transforms the terminal object 1 of C

into the terminal object {®} of Set [resp. 1/ of E'].
(J) The functor p transforms J-coverings

(X; = Xier
into families of maps of Set [resp. of morphisms of £']
which are globally surjective [resp. globally epimorphic].
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