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First-order languages

Definition. —

A “first-order language” X consists of

o aset of “object names” or “sorts”,
o aset of “relation names (or symbols)”,

R Ay -+ Ay

in the context of a finite sequence of sorts Ay, -+ , Ay, n >0,

o aset of “function names (or symbols)”,
f:A---Ay —B

over a finite sequence of sorts Ay, - -+ Ay, n >0,

with values in a sort B.

Remark:
Such a language is called

e “relational” if it has no function names,
e “algebraic” if it has no relation names,

e “propositional” if it has no sorts, and hence only relation names R —
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First-order formulas and their formation
Definition. —

(i) A “context” is a finite sequence of variables F= (x’fl, Cee )

associated with sorts Ay, - - - , Ay of the language ¥.

(ii) A formula @(X) in a context X can be
o a relation R(x;\l s -y X)) among some of the variables of %,
for a relation symbol R ~— Ay - - - Ay of X,

o an equality x® = y® between two variables of X of the same sort,
o derived from already defined formulas by forming

—  substitutions xB = f (xl yoe ey Xm) ) of variables by function symbols
f:A1---An — Bapplied to variables,

— afinite conjunction /\ or infinite conjunction /\

of formulas @;(X), i € I, in the same context X, and the “true” symbol T (X) in the context X,

— afinite disjunction \/ or infinite disjunction \/

of formulas @;(X), i € I, in the same context X, and the “false” symbol L (X) in the context X,

—  existential or universal quantifications over other variables

@ eEy) o (V) e ),

—  the negation of a formula or the implication between two formulas — @(¥) or (@(¥) = P(¥)) .
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N
A brief reminder on the interpretation of formulas

Definition. —
A “model” of a language X in a topos E (such as € = Sets) is a map
sort Aof L +——  object MA of €,
relation name (R — Aj ---Ay) +——  subobject MR — MA; X --- X MA,,

nction name (f : Ay --- Ay — B)  +——  morphism MA; X --- x MAy ﬂf» MB.

Principle.—
Every formula ¢(X) in a context ¥ = (xfl, -+, ¥} defines

a subobject M@ «— MA; X --- X MA;.

Formation rules for subobjects defined by formulas:

— substitutions x? = f( x1 gt ,xj?") define the inverse images
of subobjects along the morphism Mf : MA; x --- x MA, — MB,

— conjunctions define intersections of subobjects,

- disjunctions define unions of subobjects,

- quantifications (3%) and (V) over (¥,¥) = (x’lql, e ,x‘:”,yfl, . ,yf{”)
define the direct images p« and p; via the right and left adjoint functors

to the inverse image functor p~—! along
p:MAL X - X MAy X MBy X -+ X MByy — MAj X - -+ X MAy,
- negations —¢ and implications (@ = 1) are interpreted as
max{S|SNMe =0} and max{S|SNMe C Mp}.
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Geometric formulas

Definition. — A topos morphism &' < &

is a pair of adjoint functors (€ N ENEN 2 E)

whose component e* : £ — E' preserves not only colimits but also finite limits.

by
Proposition. —
(i) The inverse image components e* : £ — E' of topos morphisms e : £’ — & transform
objects of £ into  objects of £,
finite products of objects  into  finite products,
morphisms into  morphisms,
subobjects into  subobjects.
(if) They preserve
— inverse images of subobjects along morphisms,
— finite intersections (but not infinite intersections in general),
— arbitrary unions,
— the interpretations p.. of existential quantifier symbols 3
(but not the interpretations p, of universal quantifier symbols ¥V in general,
nor the interpretations of negations — and implications =).
by
Definition. —
A formula is called “geometric” if its formation uses only the symbols N\, T,\/, L,3
and not the symbols \,V,—, =.
— J
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First-order theories

Definition. —
(i) A first-order theory T consists of
e first-order language ¥,

o a family of axioms which are “sequents” (or “implications”)

@i(X;) E (%) between formulas in the same context X;.

(if) A “sequent” relating two formulas in the same context

@ (%) F ()
is said to be “provable” in T if it is derived from the axioms
by the “inference rules of first-order logic”.

y
Definition. —
A first-order theory T is called “geometric”
if all its axioms
@i(%;) Fb;(¥;)
relate formulas @;,\b; that are “geometric”
(and whose interpretations are therefore preserved
by the inverse image components e* : € — &’
of topos morphisms e:E' — E).
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Semantics of first-order theories

Definition. —
Let X be a first-order language.
Let

@(X) (X))  bea “sequent” relating two formulas of T in the same context X = (xfl, e

We say that a model M of ¥ in a topos €

satisfies the sequent @

if the two subobjects M@ and Mp of MAq X - - - x MAy defined by @ and
satisfy the inclusion relation Mo C M.

£

b
Definition. —
A model M in a topos & of a theory T of language X
isamodel Mof Zin &
that satisfies all axioms @; = \; that define T.

4
Proposition. —
Every model M of a theory T of language =
satisfies every sequent @(X) = (X) of £ that is provable in T.

y
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The existence theorem for classifying toposes

Successive work by Monique Hakim (with Grothendieck),
Lawvere, Joyal, - - - culminated in:

Theorem (Makkai, Reyes, 1975). —
Let T be a geometric first-order theory.
Then there exists a topos Er (called the classifying topos of T)

equipped with a model Uy of T (called the universal model of T)
such that, for every topos &, the functor

Geom(E, Er) — T-Mod(E)
l l
category of topos morphisms category of models M
e:&—&r of Tin&
e — e*Ur
is an equivalence of categories.
b
Theorem. —
If T is a geometric theory of language Z,
a geometric sequent @(X) = p(X) is provable in T
if and only if it is satisfied by the model Ur of T in Er.
)

Laurent Lafforgue (Huawei Technologies France) First-order logic June 2026 8/33




Reduction to geometric theories

Definition (Morley). —
To every first-order theory T of language ~ and axioms

@i(%) F i), iel,

one associates the geometric first-order theory T a4,
whose language a4 is the language X extended by relation symbols,
constructed as follows:

(1) Each time that in the construction of the @;,\;, i € I,

@

—

=

an implication @ (X) = p(X)  appears,
it is replaced by the formula (=@ (X)) V P(X).

Each time that in this construction,
a universal quantification (V)@ (X,¥) appears,
it is replaced by the formula  —(3Y)(—@(X, ).

Once these substitutions are made, each time a negation

—@(X) ofaformula ¢ in context ¥ = (x’fl, i)

appears in the construction of the rewritten formulas composing the axioms,
it is replaced by a new relation symbol

Ny — Ay --- Ay
subject to the additional axioms

@X)AN(X)FL and T @(X)V Ng(X).
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Effect of geometric reductions on the semantics of theories

Proposition. —

Let T be a first-order theory.

Let T a4 be the theory derived from it by the Morley process.
Then:

(i) For every topos E, there is a canonical functor
T p-Mod(E) — T-Mod(E)
that is injective both on objects and on morphisms.
(ii) If € is the topos of sets
or more generally a “Boolean topos”,
the canonical functor

T pm-Mod(E) — T-Mod(E)
is bijective on objects
(but not necessarily on morphisms).

Remark:

A topos is “Boolean” if, for every subobject S < E of an object E,

its complement E\S = max{S’ — E|S' NS =0}
satisfies (E\S) US = E.
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N
The presentation problem for classifying toposes

Theorem. — The classifying topos of a geometric first-order theory T
can be presented as the topos of sheaves

—

&r = (Cr),

T
on the geometric syntactic category Cr of T

equipped with its canonical topology Jr.

Definition. — If T is a geometric first-order theory of language %,
its syntactic category Cr is defined as follows:

(i) The objects of Ct are the geometric formulas of &

@(X) incontexts X = (xfl, i)
up to renaming of variables.
(ii) The morphisms of Cr are the geometric formulas
- 0EY)
o(X) —— ¥(¥)
that are “provably functional” in T.
(iii) The “canonical topology” of Cr is the one for which a family of morphisms
91‘(3?1'»?)1%'(3?1') 4’11’(?)) iel,
is “covering” if and only if the sequent
V(i) F V(3X)6;(x;,y) is provable in T.
icl -
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Grothendieck topologies and subtoposes

Definition. — A Grothendieck topology | on a category C
is a notion of “covering presieve” on objects X of C by families of morphisms

i
such that: " (Xi = Xier
(0) (Identity) For every object X, X — X is covering.
(1) (Composition) If (X; s, X)iej is J-covering
and, for every i € I, (X; ; N Xi)jel, is J-covering, then (X; ; AN X)ieljer; is J-covering.
(2) (Eactorisation) If (X; = X)iej is J-covering,
. )C.,
and if each X; A, X factors through some X].’, N X, i'el,
&
then the presieve (X!, -, X)ireqr 18 J-covering.
(3) (Induction) For every morphism X' £ /X and every [-covering presieve (X; L, Xier
Xy
there exists a J-covering presieve (X!, —— X')jrcys such that
e  each composite morphism x o xl.’, 2 Xi’, — X' =X
factors through one of the X; 2L X

4
Theorem (Grothendieck). — There exists an intrinsic notion of subtopos of a topos £
such that, if £ = Cj is presented as the topos of J-sheaves on a category C,
the subtoposes of € correspond to the topologies ]’ on C that refine .

il eatid i st jdlisiad )
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Subtoposes and quotient theories

Theorem (Caramello). -
Let T be a geometric first-order theory of language ¥.
(i) Every “quotient theory” T' of T,
that is, a theory of the same language ¥ obtained from T by adding axioms,
has as its classifying topos a subtopos of E

5'1[~/ — &r.
(if) Two quotient theories T1 and Ty of T
define the same subtopos 1, = E1, — Er
if and only if they are “syntactically equivalent”
in the sense that the axioms of each are provable from the axioms of the other.

(iii) Every subtopos of E
is the classifying topos of a quotient theory T’ of T.

Consequence:

There is a constructive equivalence between

e provability problems in geometric first-order logic,

e generation problems for Grothendieck topologies.
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Cartesian theories and cartesian syntactic categories
Definition. —

(i) A geometric formula of a language ¥ is called

o “atomic” if it is derived from a formula of the form
R(x?l s ooy Xan) for a relation symbol R = Ay - - - Ay of &
or X =xb forasort Bof X,
by substitution a finite number of times of variables y® by
vE = F(SY, - 4Bm) for function symbols f : By - - - B, — Bof £,
e “Horn” if it is a finite conjunction of “atomic formulas”.
(ii) A formula of X is called “T-cartesian” for a theory T of language
if it has the form 37 o 7)
for a “Horn formula” ¢ (X, i) such that the sequent
(X, NN @, y')-y=y' isprovablein T.

(iil) A theory T of language X is called cartesian
if it can be defined by a family of axioms
(pi(fi)kll’i(fi)) iEI)
consisting of T-cartesian formulas @;,\;, i € L.

Definition. — If T is a cartesian theory, its cartesian syntactic category is
the subcategory Ct = Cr

consisting of objects @ (X) and morphisms 0(X, ) : @ (X) = (y) that are T-cartesian formulas.
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Representation via cartesian syntactic categories

Theorem. —
Let T be a geometric theory that is cartesian.
Then its classifying topos is presented as a presheaf topos

ET%E%

on the cartesian syntactic category of T.

Remarks:

)

(ii)
(iii)

In particular, every theory without axioms,

that is, reduced to a single language Z, is cartesian
and we have & = 55; )

Every algebraic theory is also cartesian.
More generally, a theory T is said to be of “presheaf type”
if its classifying topos is presented as a presheaf topos

&r=C ona category C.
One shows that, if T is of presheaf type, we always have
Er = ./T/l—o\p
where M denotes the full subcategory
M —— T-Mod(Set)
of set-theoretic models of T
that are “finitely presentable by a finite family of generators and relations.
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N
The computability problem in categories

Observation. — Every geometric first-order theory T can be presented,
in general in multiple ways, as a “quotient theory”
of a cartesian theory T..

Explanation: One can take as the cartesian theory Tc

— the theory without axioms reduced to the language Z of T,

— any theory of language X
defined by a family of T-cartesian axioms provable in T.

Consequences:
o The classifying topos Et is a subtopos of E, = Cjcrc.

o We have Ep = CC for a topology Jt on C5

generated by covermg presieves constructed from the axioms of T.

o Every provability problem in T amounts to asking
whether certain presieves of Cy, are covering for the generated topology Jr.

Problem.-
In general, the sets of morphisms between two objects of the categories
C,JCTE = M°P (where M = Tc-Mod(Set)g,)
are not computable,
and the factorisability problem for a morphism through another is too difficult.
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Local computability for relational languages

Proposition. - Consider a language L that is “relational”, that is, without function symbols, reduced to sorts and
relation symbols.

Then the cartesian syntactic category Cs of X is described as follows:

(i) Its objects are indexed by finite combinatorial data consisting of
e afinite set A of sorts of I,
o multiplicities ma > 1, A € A,
e afinite set R of pairs (R, ) consisting of
— arelation symbol R ~— Ay - - - Ang of Z,
—  afinite sequence x = (oc(i) e{1,2,--- ,mAi})

1<i<ng’

(ii) The morphisms from an object indexed by (A, me, R) to an object indexed by (A’,m,, R") are indexed by the
families of maps

faidl, oo mpy — {1, yma}, A€ A CA,

such that, for every pair (R — Ay - - - Ay, B) € R/, the pair (R — Ay - - - Ay, &) defined by oc(i) = fa, (B (i),
1 <i < ng, is an element of R.

vy

Consequence: Such a category is locally computable in the sense that

e finite products and fibre products are computable,
e the composite of two morphisms is always easily computable.

{ o the sets of morphisms between two objects are always finite and computable,
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Reduction of geometric logic to relational languages

Definition. — Let X be a first-order language.

(i) We denote by £ the relational language derived from . by replacing each function symbol  f : Ay - - - A, — Bby

a relation symbol Rf — Ay ---AuB.

(ii) We denote by T's the relational theory of language X" defined by the axioms associated with the function symbols

f:A1---A, - BofZ
T Al-nxA")F (axB)Rf( AL By

Rf xA"x)/\Rf xA"yB)FxB—yB
4
Definition. — To every geometric formula @ of X, one recursively associates a geometric formula @" of X" as follows:
(i) We set @ = @ ifthe construction of @ does not involve any function symbol, in particular if ¢ has the form
R - oxfin), 8 =B, T (a1 xin), x11,~-~)x‘:").
(ii) If(P = wa, @ =@ /N /\ @qor @ (¥) = (3Y) 0(%,7), weset
e =Vo, o=@ A Nejor ¢ (X) = (37) 0"(%, 7).
i€l
(iii) If @1 is derived from @ by a substitution of variables y® :f(xllql xn), we set
A
@7 = @ AR xy”) J
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Presentation of toposes by locally computable categories

Recall:

Proposition. —

For every topos £, there exist geometric first-order theories T

that are “classified” by £ in the sense that there exist equivalences

E—E&r .

On the other hand:
Proposition. —
Let T be a geometric theory of language L defined by axioms
Qi i€l
Let X" be the relational language associated with L,
and let T be the geometric theory of language X" associated with X.
Finally, let T" be the geometric theory of language X"
defined as the quotient theory of T by the additional axioms
el Y, iel.

Then:

(i) The geometric syntactic categories Ct and Cyr are identified
together with their canonical topologies |1 and .

(ii) The classifying toposes E and Exr of T and T" are identified.

(iii) We have Ep = @ I for a topology Jt on the locally computable category C$,

generated by covering presieves constructed from the axioms of T".
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Simplified writing of geometric formulas

Commutation rules of first-order logic. —
Let ¥ be any first-order language.

(i) For all geometric formulas of T in a finite sequence of variables %,
o(X) and @;(¥), iel,
the formula  @(X) A\ \ @;(X) is equivalent to the formula  \/ (@ (X) /\ @;(%)).
iel i€l
(ii) For all geometric formulas ¢ (X) and (¥, ) of £,
the formula @ (X) A\ (3Y) W(X,y) is equivalent to the formula  (3Y)(@(X) AN Y(X, ).
(ili) For all geometric formulas @;(X,¥),i € I, of £,

the formula  (3§)\ @i(X,y) is equivalent to the formula  \/ (39) @;(X, ).
iel i€l

(iv) The operations of substitution of a variable xB into a function xB :f(xllg1 yoe,Xom)
commute with arbitrary unions \/, finite intersections /\
and the operators of existential quantification over other variables (3 7).

y
Corollary. — Every geometric formula in a language ¥ can be rewritten in the form
e(X) = V3% (@1 (%) A A @iy, (3, %))
i€l

where each @ij,i€l,1<j<mnisan “atomic formula”.

— y
Reminder: A formula is “atomic” if it has the form R(x1 oo xf”) orxB =P
or is derived from it by a finite number of substitutions X = =f (xf1 g ,xf{” ).
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Families of presieves associated with geometric sequents

Observation. —
Let X be a geometric language, and let C$ be its cartesian syntactic category.
Then:

(i) Every atomic formula of ©
or more generally every finite conjunction of atomic formulas

, ‘ @(x)
defines an object of the category Cs .

(i) If @(X,) and \p(X) are two finite conjunctions of atomic formulas,
forgetting the variables of the finite sequence i defines a morphism of C§

PX Y A — h(F).

y
Definition. — In the context of a geometric language %,
let us associate to every pair of geometric formulas in a finite sequence of variables X
X X
written in simplified form eF) bE)
e(X) = VEI) eilx5)
icl
VE) =V 3 bkl ¥)
kek
(where the formulas @; and \py. are finite conjunctions of atomic formulas),
the family P, v, of presieves indexed by the elements i € 1
(@0i(% %) AUk(%, k) — @i(F,%))iek - )

ue (Huawei Technologie ce, First-order logic June 2026 21/33




Topological expression of provability

Theorem. —

Let T be a geometric first-order theory of language L.

Let Jt be the topology on the cartesian syntactic category C§
that defines the classifying topos of T in the sense that

Then a geometric sequent of &
@ (%) F ()
is provable in the theory T if and only if
every presieve belonging to the family Py, v,
is covering for the topology Jr.

b
Corollary. —
If the theory T of language X is defined by the family of axioms

Pj = IJ)] ) ] €J,
then a geometric sequent of =

(N
is provable in T if and only if
every presieve belonging to the family Py, ,
is covering for the topology on C§
generated by the presieves belonging to the families Poj ;s je].
b
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Topological translation of proofs: the cut rule

The cut rule. -
If X FWVE and (X)) Fx(X), then oX)Fx(¥). J

Topological translation. —
Write in simplified form

e = .\/l(zlfi) (Pi(fvfi))
1SS

w(f) = V (Hgk)wk(fayk))
kek

x(®) = VEZ)xel¥ Ze).
tel

If for every element i € I the presieve

(@0i(% %) ANk(%, 5x) — 0i(F, %)) ek
is covering, and if for every element k € K the presieve

(Wi (%, 5k Axe(%,Ze) — (%, 7)) per
is covering, then for every element i € I, the presieve

((Pi(f) 3?1) /\Xf (fy E@) h— (Pi(??, fi))ie]
is covering.
Remark: One uses the three axioms of:
(1) composition,

(2) factorisation,
(3) induction.
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Topological translation of proofs: the identity rule

The identity rule. —

For every variable x taking values in a sort A, we have

T(xd) E axd =4,

Topological translation. —

The monomorphism of C§

(x4 = x4) — T(x4)

is an isomorphism, hence is covering.

Remark:
One uses the two axioms of:
(0) identity,

(2) factorisation.
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Topological translation of proofs: the equality rules

The equality rules. —

(i) Omealways has x4 = y4 -y = x4
(i) Onealways has x4 =yA ANy =24 F x4 =24,

Topological translation. —
(i) The monomorphism of C§
@ =y A =) — (¢ =y
is an isomorphism, hence is covering.

(ii) The monomorphism of C$.

(A =y AW =2 A =24) — (A =y A A =24)

is an isomorphism, hence is covering.

Remark:
One again uses the axioms of:
(0) identity,

(2) factorisation.
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Topological translation of proofs: the function substitution rule

The function substitution rule. —

If @ (%) and \p (X) are two geometric formulas in a finite sequence of variables X,

and @' (x7) and b’ (X") are the two formulas derived from them
’ !
by substituting for one of the variables x* ofic’uﬁmctionf(xlm1 9000 g x,:,A’" ) = x4,
then the implication @ (X)) F P (X)
entails the implication @/ (x) P (x7).

Topological translation. — Write the formulas ¢ (X) and 1 (¥) in simplified form
eX) =V(ED) e:(¥, %),
i€l
Y (F) = V (35) W&, 7i)
kek
where the @; (¥, ¥;) and (¥, Ji) are finite conjunctions of atomic formulas.

- 1A] 1A .
The substitution x* = flx L ... x, ™) transforms these into formulas

o/ (X,%)  and W) -
If the presieves

(@:i(F, %) AN W(E, i) — @i(%, %))k

are covering, so are the presieves

A A7 1A
. . Vomr oy E ™) —
induced by the morphisms ¢/ (¥',X;)) ———————  @;(¥, X;).

Remark: One uses axiom (3) of induction.
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Topological translation of proofs: the rule of substitution of an equality in a term

Definition. - A “term” h(X) in a finite sequence of variables X taking values in a sort B can be

e awariable of X associated with the sort B,

e afunction in some of the variables of X taking values in the sort B,

e an expression obtained from a function taking values in the sort B
by a finite sequence of substitutions of variables by functions.

V.
The rule of substitution of an equality in a term. —
. A] 4 A] 4 . ]
Consider two terms g(xl/ Loy x,'nA"‘ ) and h(xl/ Lo, x,'nA"‘ ) taking values in a sort A.
Consider a finite sequence of variables ¥ containing a variable x* associated with A,
= . = . Al A
and the sequence X' derived from ¥ by replacing x* by xll 1o xlim,
Then, for every term k(X) and the terms ki (X'), ko (X') derived from it
. X A. / ’ A ’ ’
by the substitutions x* = g(xl/ ... ,x,:,A’” ), A = h(xl/ Lo, x,;Am ),
Lo Af ! Al g
the implication T+ g(xl/ ... ,x,:,A’"] = h[xl/ Lo ,x,:,A"‘)
entails the implication T ki (X') = ka(X7). )

Topological translation. — The terms g, / and k define morphisms
TE) = TE® - T,
h
The monomorphism (kog=koh) — T(X')is covering
if the monomorphism (g =h) < T(X')is covering

since there is a factorisation (g =h) — (kog=koh).
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Topological translation of proofs: the rule of substitution of an equality in a formula
The rule of substitution of an equality in a formula. -
A{ A{ Ay .
Let two terms g(xll .o, xm ) and h(x1 1 RO x,:, ") take values in a sort A.
Let a finite sequence of variables ¥ contain a variable x* associated with A

! ’
and let %' be the sequence derived from % by replacing x* by xllA1 N x,:,A”K
Then, for every geometric formula @ (X) and the formulas @ (¥'), @"(¥')
- ’ 7 / ’
derived from it by the substitutions x* = g(xl/A1 AN x,;A"‘ ), ¥t = h(xllA1 sy x,;A"’ ),
. . . /All /Ar;‘ /Al, /AV;,

the implication Thgle e ™) =hl oo 2 ™)
entails the equivalence @3 (X) - @"(®). )
Topological translation. - Writing in simplified form ¢ (¥) = \/ (3%;) ¢;(¥, X;), we have

e — iel

eS(F) =V (@EX) ¢f(¥',%) and "(¥') =V (IF) @} (F,5).
il iel
The formulas (p‘f (%', %) and (p” (X', %) fit into cartesian squares:
<Pxxzc—>Tx X)) E’X,CHTE’J?I
eiF ¥ = T(EF) 0FH = T(%F)
They contain the common subobject  @f (¥, %) A (g =h) = IR, N (g =h)
and the two monomorphisms
PIFLEIN(g=h) — @$ (X', %) @l (FF)N(g=h) — ¢!(FT)
are covering since the monomorphism (g =h) < T(¥’) is covering by hypothesis.
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Topological translation of proofs: the finite conjunction rule

This rule reduces to:
The binary conjunction rule. —
Given three geometric formulas @ (X), P(%), x ()

in the same finite sequence of variables X, one has the implication
e FEPAY

if and only if one has the two implications
oY and orFx.

Topological translation. —
Writing in simplified form
¢ = V(Hfz) (Pi(fy 3?1) )

icl
Y=V ) b, i)
keK
and
x =V 3Z)xe(X,Z0),
teL

onehas @F1v and @k x
if and only if, for every i € I, the two families of morphisms

(@i(%, %) AN (%, k) — 0i(%, X)) ek

and
((Pi(f)fi) AX@(J?)ZK] I (pi(f»fi))eeL

are covering.
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The binary conjunction rule: cartesian squares of coverings
For allindices i € I, k € K, £ € L, one has a cartesian square:
@i(%, %) Ak (%, i) A xe(X,Ze) —— @i(%, %) Axel¥, Ze)

| |

i) A% ) ——— @i(# %)

Since the families of morphisrns

(‘Pi( )—'1) Alpk(x yk) - (Pz( >_'i)]k€1< )
(@i(X%, X;) A xe (¥, Ze) — @i(%,X1)) e,
are covering, one deduces from the topological axioms
{(1) composition,
(3) induction,
that, for every i € I, the family of morphisms

(@i(%, %) N k(X 7)) A xe(¥,Z0) — 0i(%, Xi))gex et
is covering.
This translates the implication ¢ = /A x since
1P A\ x is written in simplified form
YAX =V (343 Ze) (Wil i) Axel¥, Ze))-

kek
LeL
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Topological translation of proofs: the disjunction rule

The disjunction rule. —

Given geometric formulas ¢ (X) and ¢y (X), k € K,

one has the implications — @i(X) F @(X) foreveryk € K

if and only if one has the implication \/ @k (%) - @(X).
kek

Topological translation.— Write in simplified forms
e(¥) = V(3%) 0%, %),
i€l
o) = V (3¥k,e) 0k,e (X% Yi,0)
€L,

and therefore

Vor® =V V 3ke) ok b o)-
keK keK tely

The implication \/ @k (%) F @(X)
—  keK
translates to the fact that, for all indices k € K, { € Ly, the family

(@i %) N @r e (F,Fk0) — Oke (% Tk 0))ier
is covering.

This is also the translation of the family of implications

or(X) F o(¥), keK.

Remark:
Thus, the disjunction rule is a tautology in its topological translation.
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Topological translation of proofs: the existential quantification rule

The existential quantification rule. —

Given geometricformulus P(X) and @(X,7),

the implication — @(%,) b2z P (%)

is equivalent to the 1mpllcutzon By (X, Y) Fz b ().

Topological translation.— Write in simplified forms

V(X)) =V (3%) WX, X)),

kek

(p(f)?) = V (356) KPZ(J?»%ZE),
el

@R e y) = V EY(EZ) eu(X, ¥, Z0)-

el

and therefore

The implication (%, %) k5 W(¥)
translates to the fact that, for every index { € L, the family

(@e(X, 4, Ze) A k(%, %) — @e(¥,7,Ze)) ek
is covering.

This is also the topological translation of the implication
X, 1) F=P(X
Remark: (X, ¥) bz b(X)

Thus, the existential quantification rule is also a tautology

in its topological translation.
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Topological translation of proofs: the commutation rules

The commutation rules. —

(i) (Distributivity) For all geometric formulas ¢ (X) and @;(X),i € I,

the formula @ (X) A\ \/ @;(%)
iel

is equivalent to the formula  \/ (@(X) N\ @;(X)).
- iel

(ii) (Frobenius rule) For all geometric formulas ¢ (X) and (%, ),
the formula @ (X) A\ (39) W(X, 1)
is equivalent to the formula (3 7)(@(X) Ab(X,1)).

(iii) For all geometric formulas ¢;(X,¥), i € I,
the formula (37 (V @i(%,7))
iel

is equivalent to the formula  \/ (37) ;(%,¥).
— iel

Topological translation.—

In all three cases (i), (ii) and (iii), the two formulas considered
have the same rewriting in simplified form.

Indeed, the rewriting of geometric formulas in simplified form
rests on these three commutation rules.

In other words, these commutation rules are contained

in the topological translation process of formulas.
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